Abstract. The aim of the present paper is to provide an intrinsic investigation of two special Finsler spaces whose defining properties are related to Berwald connection, namely, Finsler space of scalar curvature and of constant curvature. Some characterizations of a Finsler space of scalar curvature are proved. Necessary and sufficient conditions under which a Finsler space of scalar curvature reduces to a Finsler space of constant curvature are investigated.
Introduction
Special Finsler spaces are investigated locally by many authors (cf., for example, [2] - [5] , [7] , [8] , [10] ). On the other hand, the global or intrinsic investigation of such spaces is rare in the literature. Some contributions in this direction are found in [9] and [12] .
In the present paper, we treat intrinsically two types of special Finsler spaces: Finsler space of scalar curvature and Finsler space of constant curvature. Some characterizations of Finsler spaces of scalar curvature are proved. Necessary and sufficient conditions for Finsler space of scalar curvature to reduces to a Finsler space of constant curvature are investigated.
It should be noted that some important results of [7] , [8] and [10] are retrieved from the obtained global results, when localized.
Notation and Preliminaries
In this section, we give a brief account of the basic concepts of the pullback approach to intrinsic Finsler geometry necessary for this work. For more details, we refer to [1] , [6] and [9] . The following notation will be used throughout this paper: M: a real differentiable manifold of finite dimension n and class C ∞ , F(M): the R-algebra of differentiable functions on M, π : T M −→ M: the subbundle of nonzero vectors tangent to M, P : π −1 (T M) −→ T M : the pullback of the tangent bundle T M by π, X(π(M)): the F(T M)-module of differentiable sections of π −1 (T M), i X : the interior product with respect to X ∈ X(M), Elements of X(π(M)) will be called π-vector fields and will be denoted by barred letters X. Tensor fields on π −1 (T M) will be called π-tensor fields. The fundamental π-vector field is the π-vector field η defined by η(u) = (u, u) for all u ∈ T M. We have the following short exact sequence of vector bundles:
the bundle morphisms ρ and γ being defined as usual [11] . Let D be a linear connection (or simply a connection) on the pullback bundle π −1 (T M). The connection (or the deflection) map associated with D is defined by
For a regular connection D, the horizontal and vertical covariant derivatives 
The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors of the connection D are defined respectively by 
Such a connection is called Berwald connection associated with (M, L).
Throughout the paper R • , R • and H := i η R • will denote respectively the h-curvature, 
Finsler Space of Scalar Curvature
In this section, we establish intrinsically some characterizations of the property of being of scalar curvature.
Let (M, L) be a Finsler manifold and g the Finsler metric defined by L.
is said to be of scalar curvature if the deviation tensor H satisfies
where k is a scalar function on T M, positively homogenous of degree zero in y (h(0)) 1 , called scalar curvature In particular, if the scalar curvature k is constant, then (M, L) is called a Finsler manifold of constant curvature.
Definition 2.2. [12]
An operator P, called the projection operator of indicatrix, is defined as follows: (a) If ω is a π-tensor field of type (1,p), then
(c) In particular, a π-tensor field ω is said to be an indicatory tensor if P · ω = ω. Remark 2.3. The projection P preserves tensor type. The π-tensor fields φ and are indicatory. Moreover, for any π-tensor field ω, P · ω is indicatory.
The following result provides some characterizations of Finsler spaces of scalar curvature.
Theorem 2.4. Let (M, L) be a Finsler manifold of dimension n ≥ 3. The following assertion are equivalent:
2)
To prove this theorem, we need the following three lemmas, which can easily be proved.
Lemma 2.5. For a Finsler manifold (M, L), we have:
(e) P · ℓ = 0, P · = .
Lemma 2.6. The π-scalar form C, defined by (2.3), has the following properties:
Lemma 2.7. The π-scalar form B, defined by (2.3), has the following properties:
Proof of Theorem 2.4:
On the other hand, from Theorem 4.6 of [13] , we have
From which, together with (2.4) and Lemma 2.5, we get
Hence, the result follows. 
In view of Theorem 4.6 of [13] , we have
From which, taking into account (2.6) and Lemmas 2.5, 2.6 and 2.7, the result follows.
(c) ⇒ (a): Suppose that the h-curvature tensor R • has the form (2.2):
Setting X = η and Z = η into the above equation, taking into account Lemmas 2.5, 2.6 and 2.7, the result follows.
Corollary 2.8. For a Finsler manifold of scalar curvature k, the h-curvature tensor R
• satisfies:
where N and F are the π-tensor fields of type (0, 2) defined respectively by
We end this section by the following result. 
On the other hand, by Corollary 2.8, we obtain
From which together with (2.7), we get
It is clear, from (2.8), that if P · N = 0, then P · R • = 0. Conversely, if P · R • = 0, it follows again from (2.8) that
Taking the contracted trace with respect to Y , the above relation reduces to (n − 2)(P · N)(Z, X) = 0.
Consequently, as n ≥ 3, P · N vanishes.
Finsler Space of Constant Curvature
In this section, we investigate intrinsically necessary and sufficient conditions under which a Finsler manifold of scalar curvature reduces to a Finsler manifold of constant curvature.
The following lemma is useful for subsequent use. and C, B are the π-tensor fields defined by (2.3).
Proof. We have
In view Lemmas 2.5 and 2.7, the above Equation reduces to
On the other hand, from (2.3) and Lemmas 2.5, 2.6 and 2.7, we have
From which, together (3.1), we obtain
On the other hand, for every (1)π-form ω, one can show that
Then the result follows from (3.2) and (3.3). By (2.1), together with C = 0, we obtain
On the other hand, we have [13] :
From which, noting that the (v)hv-torsion P • vanishes [13] , it follows that
Now, from (3.5) and (3.6), using (2.4) and D
• βX
Setting Z = η into the above equation, noting that ℓ(η) = L (Lemma 2.5), we obtain
Taking the trace of both sides with respect to Y , it follows that
Applying the v-covariant derivative with respect to Y on both sides of (3.7), yields
From (3.4), noting that (
, the above relation reduces to (provided that n ≥ 3)
Setting Y = η into the above equation, noting that ℓ(η) = L and (., η) = 0, it follows that D
• βX k = 0. Consequently,
Now, (3.4) and (3.8) imply that k is a constant. Taking the trace of both sides of the above equation with respect to Y , noting that T r(φ) = n − 1 [12] , it follows that (n − 2)C(X) = 0.
From which, the π-scalar form C vanishes as n ≥ 3. Consequently, by Theorem 3.2, (M, L) is of constant curvature k. Proof. The proof is similar to that of the above theorem.
Summing up, we have. which can easily be proved.
